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In this paper we propose a setup for the weak measurement of photon arrival time. It is found 
that the weak values of this arrival time can lie far away from the expectation value, and in principle 
also in regions forbidden by special relativity. We discuss in brief the implications of these results 
as well as their reconciliation with the principle of causality. Furthermore, an analysis of the weak 
arrival times of a pair of photons in a Bell state shows that these weak arrival times are correlated. 



PACS numbers: 03.65. Ta., 03.67.-a 
I. INTRODUCTION 



The phenomenon of weak measurement, first intro- 
duced in a paper by Aharonov, Albert and Vaidman 
(AAV) [1] , states that if uncertainties are associated with 
the pointer variable of a macroscopic measuring device, 
then such a device can yield measurement results for a 
quantum mechanical measurement which are not eigen- 
values of a quantum mechanical measurement operator. 
These weak values can lie far outside the eigenvalue spec- 
trum and can also be complex for Hermitian operators, 
because the weak measurement entangles a pointer with 
quantum uncertainty with the quantum system to be 
measured, and thus creates a complex superposition of 
pointer variable states. The remarkable fact however, is 
that despite being in forbidden regions of 'full' measure- 
ments, these weak measurements yield physically correct 
values. One example, the negative kinetic energy of a 
particle inside a potential barrier, is described in [2]. Per- 
haps surprisingly, this theory does not violate quantum 
mechanics, as Sudarshan et al. [3] clarified in a paper 
shortly after [1] (after describing the initial disbelief of 
this phenomenon). Weak measurements are merely an 
extension of Quantum Mechanics for the case of a finite- 
width coupling function in the interaction Hamiltonian 
of the measurement process (see below) . In [3] an opti- 
cal experiment to test the theory of weak measurement 
was proposed. A few years later the experiment was per- 
formed and confirmed the theory [4]. In the past decade 
more work has been done in this area, including general- 
izations [5] of the original theory and the employment of 
weak values as a language for counterfactual statements 
[6,7] in quantum theory. 

In this paper we examine the weak measurement of the 
arrival time of single photons. There are several motiva- 
tions for doing so. Firstly, the single photon case, in con- 
strast to the Gaussian beam [4], provides a better test- 
ing ground for the quantum mechanics of weak measure- 
ment, just as a single photon performing an interaction- 
free measurement [8] and thereby interfering with itself, 
provides a far more interesting quantum mechanical in- 



sight than the conventional Mach-Zehnder interferometer 
with its bright and dark outputs. Secondly, single pho- 
ton arrival time is in our view a more interesting quantity 
than spatial displacement [4] because of the implications 
of causality and thereby the inevitable connection to spe- 
cial relativity. Lastly, our setup also allows the investi- 
gation of weak measurement of entangled photon pairs. 



II. WEAK MEASUREMENT 

In this section we cover the basics of weak measure- 
ment as described and discussed in [1-3]. A device mea- 
suring a quantity A will form an interaction Hamiltonian 



Ht = g(t)PA 



(1) 



where P is the canonical momentum of the 'pointer' 
of the device, and g(t) is a time-dependent coupling con- 
stant with J g(t)dt = 1 as defined in [1,2]. P is conjugate 
to the position Q of the pointer. For an impulsive mea- 
surement the interaction time is very short, i.e. g(t) — > 
5(t — T) where T is the point in time at which the mea- 
surement occurs. As Q = j-[H l: Q] = g(t)A = S(t - T)A, 
it follows that J Q(t)dt = AQ = A where AQ is the 
difference between the initial and final pointer positions. 
However, this is only the case if the initial pointer posi- 
tion is known to infinite precision. In practice, it is more 
reasonable to assume a distribution, so that the initial 
state of the pointer is described by: 
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Now consider a pre-selected state <f>\ and a post- 
selected state (f>2. For an ideal measurement (e — > 
0, Vl'i(Q) — > S(Q)) the probability of obtaining eigenval- 
ues aj with eigenstates \aj) in an intermediate measure- 
ment between preparing a state (pre-selection) and an- 
other measurement (post-selection) is given by the ABL 
[9] formalism: 



prob(aj) = 
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If the eigenspectrum of A takes values aj, then the 
final state of the system is given by: 



*/(Q) = <^2|exp(--P^)|^i)*i(Q) 
= ^2{<h\ a k){ak\<t>i)Vi(Q - ah) 



(4) 



Hence, in the case of an ideal measurement the ^i(Q — 
Ofc) arc orthogonal for different k and the eigenvalues 
are the only possible outcomes. If however e is large, and 
correspondingly the width AP of the momentum distri- 
bution is small, then: 



= (<h\exp(--PA)\<l> 1 )*i(Q) 
« (<h\l-^PA\4>i)9i(Q) 
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where A,, 



^t^ifiy ^ s * ne wea ^ va hre of the op- 
erator A for the pre- and post-selected states \<j>i) and 
|02). The combination of weak measurement and post- 
selection gives rise to the measurement of forbidden but 
consistent values. An example is the pre-selection of a 
particle in a potential well with (an allowed value of) 
negative total energy and the post-selection of the par- 
ticle in a position far away from the potential well. A 
weak measurement will yield the 'correct' value of neg- 
ative kinetic energy for the post-selected position, even 
though this value can and will never be obtained in an 
ideal measurement. [2] 



III. WEAK MEASUREMENT OF SINGLE 
PHOTON ARRIVAL TIME 

We propose a setup for performing a weak measure- 
ment of the arrival time of a single photon. This is 
achieved by entangling the arrival time of the photon 
with its polarization and then post-selecting a polariza- 
tion state. The setup is in some ways similar to the first 
experimental demonstration of weak measurement [4] in 
which a Gaussian laser beam was split into its polarisa- 
tion components. The two beams remained very close 
(i.e. within their beam waists) and then a second, strong 
polarization measurement was performed which resulted 
in a shift of the centroid of the final Gaussian beam by 
distances much larger than the beam separation. 

In our setup (Fig. 1) we split a single photon into its 
polarization components using a polarizing beamsplitter 
(A). We then let the polarization components traverse 
different path lengths, so that both arrive at a 'unify- 
ing' polarising beamsplitter (B) at different times. Note 
that the components emerge from one exit of this sec- 
ond polarising beamsplitter, since one component (con- 
ventionally the 'horizontal' one) is transmitted while the 



one perpendicular to that ('vertical') is reflected. Be- 
fore entering the first polarizing beamsplitter the state 
is prepared ('pre-selected') by rotating an initially hor- 
izontally polarized state by a variable angle 9. After 
leaving the second beamsplitter, a polarization state is 
'post-selected' by sending the photon through another 
polarizing bcamplitter, the axes of which are rotated by 
an angle cj> relative to the horizontal direction. 
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FIG. 1. The photon, incident with polarization angle 8, is 
split into its horizontal (H) and vertical (V) polarization com- 
ponents at a polarizing beamsplitter (A). These then reach 
the second polarizing beamsplitter (B) at different times with 
At = |. Thus the arrival time has become entangled with 
the polarization which allows the post-selection achieved by 
the third polarizing beamsplitter (C), the basis of which is 
rotated by an angle <f>. 

Thus, if we assume a Gaussian distribution of the ex- 
act photon location due to energy-time uncertainty, the 
pre-selected polarization input state 



|^) = (cos0|£T) +sin0|V)) 
evolves as follows: 
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where a = iv c Al/ with Av being the uncertainty in fre- 
quency. After this the photon passes through a third 
polarizing beamsplitter at an angle <fi to the horizontal. 
A detector D is placed in the \s) path which corresponds 
to the post-selection of the polarization state 



\iP f ) = cos (j)\H) + sm<f)\V) 
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Hence the weak value of the arrival time for the post- 
selected state \tj)f) and the pre-selected state takes 
the form: 
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where, in accordance with the evolution described in 
(7) we can choose the measurement operator to be: 



A = e\V)(V\ 



(10) 



for the measurement of relative arrival time with the 
arrival time of the horizontal polarization component 
chosen as (arbitrary) reference point for convenience. 
Hence 



A in — 



e sin sin ( 
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(11) 



The probability for making such a measurement is 
\(ip f \ipi}\ 2 = (cos0cos6» + sin0sin6>) 2 . If 9 = and = 
then A„ = which makes sense since the amplitude in 
the 2 + e path is zero. If 6 = \ and = § then Am = |, 
so that the weak arrival time is halfway between the two 
Gaussian maxima. However, for 9 = 
nator is zero. For 9 
the approximation: 



Tj-, the denomi- 



+ \ + 5 and small S one obtains 



tan 9 + £ 
' tan 9 + cot 9 



(12) 



For the 6 approximation the probability behaves as S 2 . 
Hence it is possible to measure negative values of weak 
arrival time, implying supcrluminal velocity (see conclu- 
sion for possible interpretation of these values). But also, 
values much larger than e are possible. Both extremes are 
measured with a much larger probability compared to the 
Gaussian probability density of arrival times for a strong 
measurement. 



IV. THE EXACT SOLUTION 

Sudarshan et al. showed [3] that the approximations 
made by AAV are in effect unnecessary, and that weak 
measurement results arise alone from the finite width of 
the Gaussian measurement function g(t). We use this 
exact solution to confirm the validity of our above ap- 
proach of postselection in a subspace. The arrival time 
coordinate y = x — ct takes the role of a pointer position, 
while the polarization state is the quantum state to be 
measured by this pointer. The state of the photon af- 
ter passing through the third beamsplitter can now be 
written explicitely as: 
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Using 7 = 



cos(# — 0) 

s(8+<f>) 



and a = A = ■§ one can rewrite this 
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We can confirm our result for A w using the approxi- 
mation from [3] to obtain: 
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which gives us a weak value: 



A w = a-- = -(I-7" 1 ) 
e sin 9 sin e 
cos(0 — 0) cot 9 cot 0+1 



(16) 



Note that the \ipf) in (14) and (15) are unnormalized. 
This however has no effect on the calculation of A w in 
(16), and thus our earlier result is confirmed. But we do 
not even need the approximation (15), as the expectation 
value for the exact solution is: 
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where N 2 = (ipf\ipf) = cos 2 (0— #) is the normalisation. 
Now we can again recover our weak result by considering 
the weak condition e <C a, i.e. that the separation of 
the Gaussians is much smaller than their width, so that 
exp(— j-s) — > 1 and hence: 
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as: 
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V. WEAK ARRIVAL TIMES OF BELL PAIRS 

Now consider a pair of photons in a polarization Bell 
State: 
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and the postselected polarization state: 

\V f ) = (cos0|ff) + sm0\V)) 
®(cos(0 +1+S)\H)+ sin(0 + | + S)\V)) 
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where the approximation is for small 8. If each photon 
separately enters a copy of the delay circuit - now with 
values of and + -| + S for the postselection angles re- 
spectively, and without pre-selecting polarisers - the two 
photon state evolves to: 
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where G(x) = — ^—r exp(— ^ ) and our operator for 

the AAV approximation of the weak relative arrival times 
is: 



measurements of arrival times will not only yield the 
same extreme weak values, they will also - and this holds 
for any pair of weak arrival times - occur in the form of 
events of perfectly correlated success of the weak mea- 
surement. This result provides a compelling demonstra- 
tion of non-locality in the framework of weak measure- 
ment. 



VI. CONCLUSION 

Analogous to the optical weak measurement proposed 
[3] and performed [4] using Gaussian beam separation, we 
have suggested an experiment for measuring the weak ar- 
rival time of a single photon. Our analysis suggests that 
such values could indeed lie far outside values conven- 
tionally expected for arrival time. If confirmed by an 
experiment this might have interesting implications for 
the connections between relativity and quantum mea- 
surement, as these weak values can in principle lie out- 
side the range of values allowed by relativity. While these 
measurements of superluminal velocity disappear for the 
case of ideal measurements, these extraordinary weak val- 
ues are still far more than mere measurement errors, as 
they are physically consistent. Weak values of the speed 
of light exceeding c have been postulated by Rohrlich 
& Aharonov [10]. As they explain, these measurements 
do not violate causality and their arguments also apply 
to our results. Our setup allows an experimental inves- 
tigation of weak values of the speed of light exceeding 
the conventional c in vacuo. Furthermore our analysis 
of weak arrival times extends to a maximally entangled 
polarization state of a pair of photons, showing corre- 
lation in the results and occurrences of successful weak 
measurements. 



A=(0,e)\HV)(HV\ 
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where we have used 2-vectors to denote the arrival 
times of the two photons in the respective setups. Using 
the preselected photon state the weak values of the 
arrival times (also written as a 2-vector for convenience) 
are given by: 
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which diverges as 6 — > with the probability of a suc- 
cessful measurement going as S 2 . Hence the two weak 
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